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INTRODUCTION 
The use of dynamic programming and Fermat’s principle of least time 
leads to the eikonal equation for anisotropic media. By using Bellman’s 
principle of optimality, a functional equation is obtained which yields an 
eikonal equation for the time t(x). 
1. THE FUNCTIONAL EQUATION FOR t(x) 
We consider the problem of determining a path of shortest time in the three- 
dimensional space which connects a point P with a fixed point Po(xo). The 
velocity at a point (x1 , xs , x a ) is allowed to be a function of position and direc- 
tion u, uiui = 1, (summation convention throughout), and V(X, u) = c/n(x, u), 
n is the refractive index of the medium. We define t(x) as the time to go from 
the point (x) to the fixed point PO over an optimal path. 
Using the principle of optimality, the initial decision is the choice of the 
initial direction u = (ur , ua , us) [l]. I f  the ray starts at (x) and continues a 
short time At in the direction u, it will arrive at the point Q with coordinates 
(x + o(x, u) At u). It must continue from Q to P,, in such a way as to mini- 
mize the time required for this part of the path. From these considerations, 
we obtain the following equation: 
t(x, , x2 , x3) = m$[flt + t(x + dtu)] + o(dt). (1) 
The right-hand side of (1) consists of two parts, the first is over a path which 
is a straight segment with direction u, the second is an optimal continuation 
from Q to P,, . The term o(dl) represents terms in which powers of dt higher 
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than the first are present, the minimum is taken over all directions u. Expand- 
ing Eq. (1) by Taylor’s theorem gives 
t(x, , x2 3 x3) = rn>[At + t(x, , x2 , ~~213) + vdtuiti] + o(dt), (2) 
where ti = (at/ax,), (; = 1, 2, 3); simplifying this expression yields 
0 = m;ln[dt + vdtuiti] + o(dt), (3) 
dividing by d t and letting d t ---f 0 we obtain the nonlinear partial differential 
equation for the function t(x), 
0 = m;ln[l + ZI(X, u) u,t,] (4) 
and as will be seen below is the eikonal equation. 
2. THE EIKONAL EQUATION AND ASSOCIATED GEOMETRY OF 
RAYS AND WAVES 
The direction u which minimizes the expression in brackets in (4) can be 
found by differentiating with respect to each ui and setting the result equal 
to zero. Because u is constrained by 1 u 1 = 1, we introduce a Lagrange 
multiplier and minimize the following expression: 
E(u) = 1 + vu$, + A(1 - ZQ). (5) 
Keeping in mind that v  depends on u, the necessary conditions for a minimum 
are 
vti - 2Au, + g ujtj = 0, (a= 1,2,3), (6) * 
and we obtain immediately 
&i 
vt, + T&y qj 
2h= *, 
% 
(i = 1,2, 3). 
Equation (7) implies the following ratios: 
(7) 
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for the values of us that minimize the expression in brackets in (4), we can 
replace ujti by -l/v. Using this relation in Eq. (8) and the definitions 
t%=~~, (i = 1,2,3), 
2 
we rewrite Eq. (8) in the form 
dt3 - P3) = u,(t, - A>, 
uz(t3 - P3) = u302 - P2>- 
(10) 
These relations show that the rays are codirectional with the vector defined 
by (tl - j?i , t, - /3s , t3 - /3,). We note that when pi = 0, (i = 1, 2,3), 
the rays are orthogonal to the surfaces of equal time, t(x) = constant; 
this is the case of an isotropic medium [2]. These surfaces of equal time can be 
interpreted as wave fronts originating at P, at time zero. 
Substituting ui and ua in terms of z(a into Eq. (4) and using uiui = 1, we 
find 
% = ((ti - &,!! pip2 ’ 
and 
(11) 
By multiplying and dividing the term in brackets by (tjtj)1/2 we can rewrite 
(12) in the form 
(13) 
The expression in brackets is the cosine of the angle between the vectors 
(ti - pi) and ti; calling this angle 01 we obtain from (13) the following 
1 n2 tjtj = ___ = -. 
212 cos2 01 c2 CO82 et> (14) 
defining the phase refractive index p = n/(cos LY), Eq. (14) finally becomes 
which is the eikonal equation for anisotropic media [3]. If we consider the 
wave fronts as starting at P, then the direction of the gradient of t(x) will be 
negative; further, if we define v = plu and use (15), then Eq. (4) gives 
p.‘v=c, (16) 
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where 
p = -pn = _ ~ k ' 62 ' t3) . 
(t&j)“” 
Equation (16) shows that the ray velocity and wave vector p are reciprocally 
related that is, they are polar reciprocals with respect to a sphere of radius c. 
Thus, the dynamic programming approach leads in a simple way to the dual 
aspect of waves and rays (3). 
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